Abstract-We introduce in this paper the notion of "full nuclear cone", and we show that a nontrivial full nuclear cone can be associated to any normal cone in a locally convex space. We apply this notion to the study of Pareto efficiency.
INTRODUCTION
The notion of nuclear cone was defined by [l] as a mathematical tool for the study of Pareto efficiency. It is well known that the Pareto efficiency is a fundamental notion in the theory of optimization of vector-valued mappings.
Since its definition, the notion of nuclear cone (known also under the name of supernormal cone [2, 3] ) has been considered by several authors in relation to several kinds of problems in optimization theory, in the fixed-point theory, in the best approximation theory, in the study of nuclearity of topological vector spaces (in Grothendieck's sense), in the study of absolute summability, in the study of C*-algebras, in the study of some geometrical aspects of Ekeland's principle, among others. About such applications of nuclear cones, the reader is referred to the references of this paper.
We note also that until now, three doctoral theses were dedicated to the study of this notion and to its applications (see both theses of Bahya and the Ph.D. Thesis of Postolica cited in [4] ).
In our paper [5] , we presented several results related to the importance of nuclear cones in Pareto optimization of vector-valued functions. Considering this paper, Truong generalized some properties of nuclear cones to other more general classes of cones with the aim to obtain more general existence results for Pareto efficiency [6-g] We will show this interesting fact by introducing the notion of "full nuclear cone" associated to a normal cone. We will show that the full nuclearity is, in some sense, enough to characterize the existence of Pareto efficiency. Another interesting aspect is the fact that the full nuclearity is for Pareto efficiency the expression of a multiple scalarization.
It seems that this fact was never put in evidence in Pareto optimization theory. We hope that
this notion will open a new research direction in Pareto optimization theory.
PRELIMINARIES
Our results will be given in a locally convex space and any locally convex space will be considered in the sense of definition given by Treves [ll] , i.e., a locally convex space is a couple (E, Spec(E)), h w ere E is a real vector space and Spec(E) is a family of seminorms on E such that:
(1) XP E Spec(E), whenever X E R+, and p E Spec(E), (2) if p E Spec(E) and q is a seminorm on E such that q < p, then q E Spec(E), and
It is known that if Spec(E) is given, then there exists a locally convex topology r on E such that E(T) is a topological vector space, such that a seminorm on E is r-continuous if and only if p E Spec(E). We say that a subset B c Spec(E) is a base of Spec(E) if and only if, for every p E Spec(E), there exists q E B and a real number X > 0 such that p 5 Xq.
The topology T defined on E by Spec(E) is a Huusdorfl topology if Spec(E) has a base 13 satisfying the following property:
{X E E 1 p(x) = 0, for all p E B} = (0).
In this case, we say that i3 is a Hausdorff base for Spec(E). In this paper, we will suppose that Spec(E) has a Hausdorff base. We will denote by E' the topological dual of E, and by K a closed pointed convex cone, i.e., K is a closed subset of E satisfying the following properties:
If K is given, we have an ordering on E defined by x 2 y, if and only if y -x E K. We suppose also given a duality (E, E') between E and E' defined by a bilinear form (,, .) : E x E* + R satisfying the separation axioms.
With respect to this duality, we can define the dual cone K* of K, i.e., K* = {y E E' 1 (y,z) > 0, for every x E K}.
We recall that the polar cone of K is K" = -K*. If 7 is the topology defined by Spec(E), we recall that a pointed convex cone K E E is normal We note that the notion of normal cone is the most important notion in the theory of convex cones in topological vector spaces. For more details about normal cones, the reader is referred to [12, 13] . For this paper, we cite the result that if (E,Spec(E)) is a locally convex space and K c E is closed normal cone, then E' = K* -K* (see [12, 13] ).
Let K E E be a pointed convex cone. We say that K is well based if there exists a convex bounded set B c E such that 0 $ B and K = Ux>O XB. It is well known that any well-based -cone is a normal cone.
NUCLEAR CONES
Let (E(T), Spec(E)) b e a locally convex space and K c E a pointed convex cone. We recall the following definition. Several papers were dedicated to the study of this notion [l-3,5-10, [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] .
About examples of nuclear cones, the reader is referred to the papers cited above. We recall only the following examples.
(1) Every well-based cone is nuclear.
(2) In a normed vector space, a convex cone is nuclear if and only if it is well based.
(3) In every nuclear space (in Grothendieck's sense), every normal cone is nuclear.
(4) In R", every pointed convex cone is nuclear.
Let E = 11 endowed with the topology defined by the seminorms {P~}~~N, where pn((zk)kE~) = C;=, 1~1. Th e cone K = {z = (Xk)lcE~ E 11 1 zlc > 0, Vk E N} is a nuclear cone but not well based. We recall also that in every locally convex space E, every normal cone is nuclear with respect to the weak topology 7(E, E*). The notion of nuclear cone is more interesting in locally convex spaces as in normed vector spaces. It is well known [12, 13] that a cone K c E is well based if and only if there exist a base B = {pi}iel of Spec(E) and a continuous functional f E K" such that for every p E D, there exists a constant cp > 0 with cpp(z) 5 f(z) for every z E K. We need to recall also the following notion.
Let (E, 1) 11) be a real normed vector space. A subset K c E is called a Bishop-Phelps cone if there is some cp E E* and cy E IO, 11 such that
The notion of Bishop-Phelps cone has many applications in nonlinear analysis and in Pareto optimization of vector-valued mappings.
Let C c E be a subset. We say that C is represen.table as n Bishop-Phelps cone, if t,here is some p E E' and a norm II . II* : E + R, which is equivalent to 11 . II such that c = {x E E I II~lI* 5 cp(xc)).
We observe that every Bishop-Phelps cone is a well-based cone, but the converse is not true even in Rn. We cite the following result due to Petschke. (1) K is representable as a Bishop-PheJps cone, (2) K is a closed well-based cone.
PROOF.
For the proof of this result, the reader is referred to [29] .
Obviously, every Bishop-Phelps cone is a nuclear cone, but it is a special nuclear cone. a
FULL NUCLEAR CONES
Let (E,Spec(E)) b e a locally convex space, B c Spec(E) a Hausdorff base of Spec(E), and K c E a closed pointed convex cone. Let cp : B -+ K* \ (0) be an arbitrary mapping. Given the base D and the mapping cp, we define the set
for all P E f3).
Obviously, for every 23 and cp, we have 0 E K,. Now, we put in evidence some properties of the set K,.
LEMMA 2. If K, # {0}, then K, is a convex cone.
PROOF. Indeed, for X E R+, x, y E K,, and p E B, we have p(Xx) = Xp(x) I h(P)(X) = cp(P)(XX)
and
P(X + Y) 2 P(X) + P(Y) 5 cp(P)(X) + cp(P)(Y) = cp(P)(X + Y),
which imply that K, is a convex cone.
LEMMA 3. If K, # {0}, then K, is pointed.
I PROOF. Indeed, if x E K, n (-KV), then we have 0 < p(x) 5 p(p)(x) for all p E B.
Because x E -K,, we deduce that x = -x' with x' E K,.
Then for all p E U, we have 0 5 P(X) I cp(P)(Z) = cp(P)(-x') = -cp(P)W)
5 07 and considering the fact that a is a Hausdorff base of Spec(E), we obtain x = 0, i.e., K, is pointed. I For locally convex spaces, the full nuclear cone is analogous of Bishop-Phelps cone, which is specific to normed vector spaces.
Considering
Theorem 1 and Lemma 5, it is interesting to introduce the following definition.
DEFINITION 3 . We say that a convex cone K c E is representable as a full nuclear cone if there _ -exist an equivalent spectrum Spec(E) of Spec(E), a Hausdorff base 13 of Spec(E) and a mapping 'p : fi -+ K' \ (0) such that K = K,.
In Definition 3, an equivalent spectrum is a spectrum S&c(E) obtained replacing in Spec(E) every seminorm by an equivalent seminorm.
OPEN PROBLEM. Is it true that for an arbitrary locally convex space, any nuclear cone is representable as a full nuclear cone?
For normed vector spaces, this problem has a positive solution given by Theorem 1.
FULL NUCLEAR CONES AND PARETO EFFICIENCY
An important problem in Pareto optimization (i.e., the optimization of vector-valued functions)
is to identify the eficient points of a given set. We consider the general case of infinite-dimensional vector spaces. Given two topological vector spaces F and E, with E ordered by a closed pointed convex cone K c E and a function f : X -+ E, where X c F is a nonempty set, we consider the vector optimization problem minimize f(Z),
In problem (l), we are interested in finding all the solutions that are efficient, i.e., are elements of the set
In Pareto optimization, there have been defined several kinds of efficiency, but every kind of efficient point of X is an element of Xef. Because of this fact, from the abstract point of view, it is sufficient to consider the following problem.
Given a locally convex space (E, Spec(E)), a closed pointed convex cone and a nonempty subset
A c E, we are interested to know, under what conditions there exists at least a point Z, E A such that An (z, -K) = {z*}.
We say that such a point is a Pareto (minimal) eficient point of A. Obviously, if in (a), we replace (x* -K) by (x, + K), then we obtain the definition of a Pareto (maximal) eficient point ofA.
In this section, we will show that, by applying the concept of full nuclear cone, we can obtain a general existence test for Pareto eficiency. In this sense, we have the following result. 
Suppose that x0 is not a Pareto (minimal) efficient point of D with respect to K, but property (3) 1. We know that if K is a nuclear cone, then there exists a Hausdorff base B of Spec(E) and a mapping cp : B --f K* \ (0) such that K 2 K,. In this case, any least element with respect to K is a least element with respect to K,, but the converse is not true.
2. Property (3) used in the proof of Theorem 7 was considered for the first time in Banach spaces by Precupanu [30] and reconsidered also in [27] .
3. In [31] , Ferro proved that for a large class of cones, the Pareto efficient points for weakly compact convex sets can be obtained by scalarization. In this sense, by our Theorem 7, we have that in locally convex spaces, the full nuclear cones give the existence of Pareto efficient points by a multiple scalarization, even for a general set. Perhaps, the notion of "full nuclear cone" opens a new research direction in Pareto optimization.
